JET SCHEMES OF HOMOGENEOUS 
HYPERSURFACES 



SHIHOKO ISHII, AKIYOSHI SANNAI, AND KEI-ICHI WATANABE 



Abstract. This paper studies the singularities of jet schemes of 
homogeneous hypersurfaces of general type. We obtain the con- 
dition of the degree and the dimension for the singularities of the 
jet schemes to be of dense F-regular type. This provides us with 
examples of singular varieties whose m-jet schemes have rational 
singularities for every m. 

1. Introduction 

The concept jet schemes over an algebraic variety was introduced by 
Nash in his preprint in 1968 which is later published as [10]. These 
spaces represent the nature of the singularities of the base space. In 
fact, papers [1], [2], [8], [9] by Mustata, Ein and Yasuda show that 
geometric properties of the jet schemes determine properties of the 
singularities of the base space. To summarize, their results among 
others are as follows: 

Let X be a variety of locally a complete intersection over an alge- 
braically closed field of characteristic zero. Then X m is of pure dimen- 
sion (resp. irreducible, normal) for all m > 1 if and only if X has 
log-canonical (resp. canonical, terminal) singularities. 

Accoding to this form, it is natural to formulate the question: 

Problem 1.1. Does the following hold? X is non-singular if and only 
if X m has at worst certain "mild" singularities for every m > 1. 

Does the bound of a certain invariant of the singularities on X m 
characterize the somoothness of X? 

The easiest candidate for "certain mild singularities" is a rational 
singularity. In this paper, we show that a rationality is not appropriate 
for the required statement in the problem. This is proved by providing 
with counter examples. We study the singularities of the jet schemes 
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of homogeneous hypersurface of general type and obtain the condition 
of the degree and the dimension for the singularities of the jet schemes 
to be dense F-regular type. 

Theorem 1.2. Let X be a hypersurface in over a field k of char- 
acteristic defined by a polynomial of general type of degree d, i.e., 

f{x±,...,X]sr)— £ii,Z2,.-- ,id X h x t2 ' ' ' x idi 

»1<»2,<— <»d 

where {£,i lt i 2 ,...,i d } are algebraically independent overQ. If d 2 < N , then 
the jet scheme X m has at worst rational singularities for every m G N. 

A rational singularity is defined by using a resolution of the singu- 
larities. Since it is almost impossible to construct a resolution of the 
singularities of the jet scheme even for the simplest singularities on 
the base variety because of too many variables on the jet scheme, we 
use the positive characteristic method. The theorem shows examples 
of singular X whose jet schemes X m for all m have at worst rational 
singularities. We also show that X is non-singular if and only if the 
F-pure threshold does not change between X m 's for different m: 

Theorem 1.3. Let X be a variety of locally a complete intersection 
at over a field of characteristic p > 0. For m < m' , assume also 
X m ,X m+ i, . . . ,X m i are complete intersections at the trivial jets 
m , . . . , m i . Then, the following are equivalent: 

(i) (X, 0) is non-singular; 

(ii) fpt(X m , m , m ) = fpt(X m >, ^ m ' m -1 (0 m ),0 m 0, where i/w™ : 
X m > — > X rn is the truncation morphism. 

Throughout this paper the base field k is an algebraically closed field. 

2. Preliminaries on jet schemes and positive 
characteristic methods 

2.1. For a scheme X of finite type over an algebraically closed field 
k, we can associate the space of m-jet (or the m-jet scheme) X m for 
every m G N. The exact definition of the m-jet scheme and the basic 
properties can be seen in [6]. We use the notation and the terminologies 
in [6]. The canonical projection X m — > X is denoted by n m . 

If X is a closed subscheme of defined by an equation / = 0, then 
the m-jet scheme X m is defined in 

A (m+i)JV = gpec k ^U) | 1 < i < TV, j = 0, 1, . . .m] 

by the equations {F^ j) = 0} i=0 ,..., m . Here, the G k[x\ j) \ 1 < % < N,j = 
0, 1, . . . m] is defined as follows: 
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j j j 

For the simplicity of the notation, we write x.^' = (x[ j \... ,x% ] ). For 
a point P G X, let P m G X m be the trivial m-jet at P. In particular if 
P is the origin G X C Aj^, then m is defined by the maximal ideal 
(x(°), . . . , x(™)) C fc[x(°), . . . , xH] i n Ai m+1)JV . 

2.2. The Frobenius map of rings of positive characteristic has been im- 
portant tool to study the singularities of positive characteristic. The 
concepts F-pure, strongly F-regular, weakly F-regular and F-rational 
appear in this stream. These notions have close relations with ratio- 
nality and log-canonicity: A singularity is of dense F-rational type 
(i.e., it is F-rational by the reduction to characteristic p for infinitely 
many prime number p) if and only if it is rational by Smith [1 1] , Hara 
[4], Mehta and Srinivas [7]. If a normal Q-Gorenstein singularity is 
of dense F-pure type (i.e., it is F-pure by the reduction to character- 
istic p for infinitely many prime number p), then it is log-canonical 
by Hara and Watanabe [5]. In the Gorenstein case, the three notions 
strongly F-regular, weakly F-regular and F-rational coincide. When 
we restrict ourselves in the case of a complete intersection, we call it 
just F-regular. The definitions of F-pure and F-regular can be found 
in the papers above and we do not repeat them here. 

Lemma 2.3. The m-jet scheme X m is F-pure (resp. strongly F- 
regular, rational) along the fiber ■k^-(P) if and only if X m is F-pure 
(resp. strongly F-regular, rational) at P m . 

Proof. Note that these conditions, F-pure, strongly F-regular, rational, 
are open conditions. Therefore, if X m has one of these conditions at P m , 
then X m has that on an open neighborhood U C X m of P m . Remember 
that the multiplicative algebraic group K\ \ {0} acts on X m and the 
closure of the orbit of every point y in 7r~ 1 (P) contains P m (see, for 
example, [6]). This shows that on X m there is an isomorphism which 
sends y into U. Hence, X m has the condition at y. □ 

Lemma 2.4 ([12, Lemma 3.9]). Let (R,xn) be a local ring at a closed 
point of a non-singular variety over an algebraically closed field of char- 
acteristic p and I C R an ideal. Fix any ideal a C R and any real 
number t > 0. Write S = R/L 

(1) The pair (S,(aSY) is F-pure if and only if for all large q = 
p e > 0, aW'-^/M : /) £ mM. 
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(2) The pair (S, (aS) 1 ) is strongly F-regular if and only if for every 
element g E R \ I, there exists q = p e > such that ga^ (1^ : 
/) <jL m [ < 

In the case of a complete intersection, we can regard the following 
criteria of Fedder type as the definition of F-pure and F-regular. 

Corollary 2.5. If (S, m) is a regular local ring of characteristic p > 0, 
fi, f 2 , ■ ■ ■ , f r is an S-sequence and f = 111=1 fi> ^en the following are 
equivalent: 

(i) S/(fi, . . . , f r ) is F-pure (resp. F-regular) 

(ii) (resp. for any non-zero g £ S, there is q = p e > 
such that gf q ~ x (£ m [q] ). 

Proof. The statement on F-purity is in [3]. If / = (/i, . . . , f r ) is gen- 
erated by ^-regular sequence, then 1^ : / = 7^ + f q ~ l S and our 
assertion on F-regularity follows from Lemma 2.4. 

□ 

To apply the criteria, we need to show that our jet schemes are 
complete intersections. The following is a characteristic free statement 
and is a refinement of a special case of the statement obtained by 
Mustafa [8] for characteristic zero. 

Lemma 2.6. Let X be a hypersurface of defined by a homogeneous 
polynomial f of degree d. Assume X has an isolated singularity at the 
origin G X . Then, it follows: 

(i) If d> N , then X m is not irreducible for every m > N — 1; 

(ii) If d < N — 1, then X m is irreducible, therefore a complete 
intersection, for every m e N. 

Proof. First of all, we note that for a hypersurface X with the isolated 
singularity at 0, the jet scheme X m is irreducible if and only if 

dim 7 r m 1 (0)<(m + l)(iV-l). (1) 

Indeed, as dimTr^pf \ {0}) = (m + l)(N- 1), "only if part is trivial. 
For the "if part, note that X m is defined by m+1 equations in Ajf^ 1 ^. 
Therefore, every irreducible component of X m has dimension greater 
than or equal to (m + 1)(N — 1). If we assume the inequality (1), then 
^^(O) does not provide with an irreducible component of X m . 
For the proof of (i), assume d > N. The fiber ^"^O) is defined by 

F (0) (0),F (1) (0,x (1) ),... ,F (m) (0,x (1) ,... >X M) 

on A™ N = Spec fcfx' 1 ', . . . , x^] and the first d polynomials are trivial 
because F^ is homogeneous of degree d and of weight j, therefore 



JET SCHEMES OF HOMOGENEOUS HYPERSURFACES 



5 



every monomial in (j < d) has the factor xf for some i, where 
the weight of a monomial II 2^ is defined as 
Therefore, for m > N — 1 

dim 7^(0) > mN - max{0, (m + 1) - d} > (m + 1)(N - 1). 

Hence, X m is not irreducible for m > N — 1. 

For the proof of (ii), assume d < N — 1. For m such that m < d — 1, 
as we see in the previous argument, 7r~ 1 (0) = A™^. Asm<A r -2, the 
inequality (1) holds, therefore X m is irreducible. For m such that m > 
d, we will show it by induction on m. Assume that Xo = X, . . . , X m ^\ 
are irreducible. We note that for j > d 

^(0,xW,... ) x») = F^(x«,... ) x^), 

because / is homogeneous of degree d. Since 71^(0) is defined by 
F^(0,x^,... , x^) (j — d, . . . ,m) in SpecA;[xW,... ,x< m )], we ob- 
tain 

7^(0) = Spec A;[x (1) , . . . ,^]/ (f^)(x«, . . . ,x^ d+1 ))) 

\ / 3—a=\),..,m—a 

By this we have diiuTr" 1 ^) = (to - d + 1)(7V - 1) + (d - l)N and it 
follows the inequality (1). Now we obtain the irreducibility of X m and 
in this case we have the codimension of X m equal to the number of the 
defining equation in PS™ +V>N . □ 



3. Singularities of the jet schemes 

Definition 3.1. Under the notation in 2.1, let A; be a field of char- 
acteristic zero and p a prime number. Let m be the maximal ideal 
(x<°\ xW, . . . , x( m )) C fc[x(°), x«, . . . , x( m )]. Take a polynomial F in 
the ring. A monomial x G fcfx'^x' 1 ', . . . , x*™)] is called a good mono- 
mial for if x G" m' p ' and x G by modulo p reduction. Here 
"x G F p ~~ l " means x appears in F p ~ l with non-zero coefficient. 

Theorem 3.2. Let X be a hyper surf ace in over a field k of char- 
acteristic defined by a polynomial of general type of degree d, i.e., 

f(x±, • • • , Xn) = Ch,i2,-- ,id X h x 'i2 ' ' ' ■Ei-di 

i\<ii<—<id 

where {Ch,i 2 ,... ,i d } are algebraically independent overQ. If d 2 < N , then 
the jet scheme X m is dense F -regular type for every m G N. 
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Proof. Fix m G N. Let p be a prime number satisfying p > m(d—l)+d. 
By Lemma 2.6, we may assume that X m is a complete intersection. 
For the polynomial / G k[x l , . . . ,x N ], let G /c[x (0) , x (1) , . . . , x (j) ] 
be as m 2.1 and put F = UT=o F<J) - Let (7 be any polynomial in 
k[yS°\ . . . , x^]. We will show that there exist e > and a mono- 
mial M G F P<E_1 with gM G" mi p ^ by modulo p. For any e, we can 
decompose 

p e - 1 = (p e - p^ 1 ) + (p^ 1 - p e - 2 ) + (p e - 2 - 1). 

Let a = p e — p 6 " 1 , & = p e_1 —p e ~ 2 , c = p e ~ 2 — 1. Define three monomials 

L X ,L 2 ,L 3 e F = njlo^ 00 - First P ick U P the term from f0) as 
follows: 



(0) JO) (0) 



X 



Li(0) = £1,2 4 

^IK 1 ) — Sd+l,d+2,...,2d^(i+l ' x d+2 ' x 2d-l x 2(i 

r ("V, _ t -(0) _(o) (0) (i) (i) 

M l/J — ?2d+l,2d+2,... ,3d^ 2( 2 + i • ^2d+2 ' ' ' X 3d-2 X 3d-l ;r 3d 

r cj u _ t , O _(o) _(i) _(i) „.(i) 

TJih An ,T (1) .T (1) ...T (1) T (1) 

^U«J — ?i,2,...,d^i • x 2 •••x d _ 1 x d 

— ?d+l,d+2,...,2d^d+l • 2^+2 • • ■X 2d _iX 2d 

L,{2d) = ei,2,..,d4 2) -4 2) ---41i42 



Define Li = Tl^=o -^i 0) /(coefficients) . Then, note that every variable 

x^ appears in L\ at most once. We can see that L\ G F a by modulo 
p, by noting that the coefficients £i u ...,i d are algebraically independent 
over Q. 

Next, pick up the term L 2 (j) from as follows 



1*2(0) = 6d,...,2d(4d 

»)^c^-l 

--2d 
-2d 



L 2 (l) — d£ 2dj „. j2d (x 2d ) d 1 x 2d 
L 2 (2) = dC 2d ,..., 2d (^) d -^2 2) 



L 2 (m) = di 2d ,..., 2d {x^) d -^ 

Define L 2 = YYJL ^(^/(coefficients). Then, note that a variable with 
positive weight (i.e., x 2d (j > 0)) appears in L 2 at most once and a 
variable x 2 ° d appears m(d— 1) + d times in L 2 . We can see that L 2 G F b 
by modulo p. 
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Finally, pick up the term L 3 (j) from as follows: 

l 3 (2) = du...A*T) d - l *T ■ 

Mm) = dU..A^ ] ) d M m) 
Define L 3 = IVJLo -^3 (j) /(coefficients). Then, note that a variable with 
positive weight (i.e., x^} (j > 0)) appears in L 3 at most once and a 
variable xf^ appears m(d — 1) + d times in L 3 . We can see that L\ G F c 
by modulo p. 

Define M := L\-L\-L\. Noting that (p s -f)! has exactly (E*=iV - !))" 
powers of p as a factor and (p s — p 5-1 )! has exactly (p s_1 — l)-powers of p 
as a factor for every positive integer s, we obtain that (p e — l)\/(a\b\c\) 
does not have p as a factor. Hence, it follows that M G F pE_1 by mod- 
ulo p. Every variable of weight appears in M at most max{6(m<i — 
m + d),a + c(md — m + d)} times and 

p e — max{6(mrf — m + d) , a + c{md — m + d)} — > 00 (e — > 00). 

On the other hand, every variable of positive weight appears in M at 
most a + b times (here, we used the fact that a + c < a + b). We can 
also see that 

p e — (a + b) — > 00 (e — > 00). 

Therefore, for any polynomial g G k[yS°\ . . . , x^] we obtain 
gM G" m' pe l for sufficiently large e. □ 

Corollary 3.3 (Theorem 1.2). Let k be a field of characteristic zero. 
Let X be a hypersurface in Aj? defined by a homogeneous polynomial 
of general type of degree d. If d 2 < N , then the jet scheme X m has at 
worst rational singularities for every m G N. 

Remark 3.4. ft is expected that Theorem 3.2 and Corollary 3.3 also 
hold for the hypersurface X of Fermat type of degree d such that d 2 < 
N. 

Theorem 3.5. Assume chark = p > 0. Let X be a hypersurface in 
defined by a homogeneous polynomial f G k[x±, . . . , xjv] of degree 
d. If the jet scheme X m is a complete intersection and F-pure for every 
m GN, then d 2 < N. 

Proof. As X m is a complete intersection and F-pure, there exists a 
good monomial x for (F,p). Fix an expression of x into a product 
of monomials of (F^) p-1 's. Write x = nj=o x (i)' where x(j) is the 
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contribution from (.F^) p_1 . Let a^\. be the power of x$ in x(j) and let 
a ij '■= (Y<k=i a ijk)/(p — 1)- Then the matrix A = (aij)o<i,j<m satisfies 
the following conditions: 

(1) A is an upper triangular matrix, 

(2) T,? = *a ij = d,(0<Vj<m), 

(3) T,£oiaij=3,(0<Vj<m) and 

(4) J2T=oa i3 < N,(0<\/i<m). 

Under these conditions we will prove that if m is sufficiently large, for 
any real number s < d 2 , there exists i such that cc, := J2jLo a ij s i which 
shows d 2 < N by (4). Let C be the matrix as follows: 



C 



( d d- 1 d-2 ■■■ 1 

1 2 d- 1 d d- 1 ••• 1 

1 d- 1 d d- 1 



1 



V 



In other words, C = (cij)o<i,j<m be defined as c^- — d — u (if j — di±u 
) for every u = 0, 1,. . . ,d — 1 and c^- = (otherwise). Then, C also 
has the properties (1)~(3). Let 7, := X^=o c j?> anc ^ assume m = dl for 
an integer I > 0, then 7i = ^±2 (if i = 0), d 2 {if 1 < i < I - 1), ^ii 
(if i = Z), (if i > Z + l). 

If we put Si = oti — 7i for i = 0, . . . , m, then 

m m 

E Si = 0, and E iSi = 0. 

i=0 i=0 

Now, assume maxaij < s = d 2 — e for some e > 0. Put D = J2i<i-i Si 
and Bf = Y,i>i Si, so that D + D' = 0. Since S t < ^^-e for i = and 
<Ji < -efor 1 < i < l-l, we have D < -Ze + ^^ and D' > le-^±. 
If we put Si = -e - 6i for 1 < % < I - 1 and D = -Ze + - e, then 

e > £■=! Q and D' — le — + e. By this we have 



1-1 1-1 1-1 



i=0 i=0 i=0 z 

On the other hand, noting that Si > for % > I + 1, we have 



E^ > ZD'. 
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Thus, we conclude that 

E«i > -eE< + Kle - ^f^) = \ (el 2 + (e - d 2 + d))l) . 

i=0 i=l ^ ^ 

But if / is sufficiently large, then the latter will be positive and this 
contradicts to the fact that YULo^i = 0. □ 

3.6. Takagi and Watanabe [13] introduced the invariant F-pure thresh- 
old (denoted by fpt(X,Z,P)) for a scheme X over a field of positive 
characteristic and the closed subscheme Z C X at a point P E X. It 
is closely related to the log-canonical threshold for characteristic zero. 
Here, we refer the formula for a complete intersection case. 

Let k be a field of characteristic p > 0. Let X be a subscheme 
of A% defined by polynomials /i, . . . , f r where dimX = N — r. Let 
/ = n[=i fi- Let a closed subscheme Z be defined by an ideal I C 
k[xi, . . . ,xn] and m be the maximal ideal of a point P G X. Let 
q = p e . Then, by Lemma 2.4 

r , v ~ t,n ,. max{r I J r /* -1 £ 
fpt(X,Z,P)= lim L_J — ^ 1. 

As we think of only local a complete intersection case, we can regard 
this formula as the definition of F-pure threshold. 

Theorem 3.7. Let X be a variety of locally a complete intersection 
at over a field of characteristic p > 0. For m < m' , assume also 
X m ,X m+ i, . . . ,X m > are complete intersections at the trivial jets 
m , . . . , m i . Then, the following are equivalent: 

(i) (X, 0) is non-singular; 

(ii) fpt(X m , m , m ) = /p£(X m /,VWm _1 (0 m ),0 m /) ; where ^Wm : 
X m i — > X m is the truncation morphism. 

Proof. Assume (i), then X± is non-singular for every % e N and the 
truncation morphism ip m > m : X m / — )■ X m is smooth. In this case, 
X m ' i X m , 1pm' m (0 m ) and {0 m } are all non-singular. Therefore by 
the formula in 3.6, we have fpt(X m , m , m ) = codim({0 m }, X m ) = 

Codim(^ m / m ~ 1 (0 m ),X m /) = fpt(X m >, VWm _1 (0 m ), m '). 

For the proof of (ii)=^(i), we first show 

fpt(X m , m , m ) > fpt(X m+1 , ^m+l,m _1 (0 m ), m+ i), (2) 

if (X, 0) is singular and X m and X m+1 are complete intersections at 
the trivial jets. 

Let m and m' be the maximal ideals of Ox m ,o m an d of Ox m+1 ,o m+1 , 
respectively. Let /i, . . . , f r define X in A^, where r = codim(X, A^). 
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Then, under the notation in 2.1, Xi is defined by (I — 1, . . . , r, j < 
i) in hl +1)N = (A^)*. Let = Y{[ =l F^ and G = Yl™ =0 G^\ G' = 
n™ = VG (i) . For q = p e , let 

r q = max{s | m^G"^ 1 £ m lq] } (3) 

r' q = max{s | m s G" 9_1 <jt m ,k1 }. (4) 

Let x be a monomial in G" 1 ^ 1 and c be an element of m r 'i such that cx ^ 
m 'M Then x is factored as x = x'x", where x' and x" are contributions 
from G 9-1 and from (G (m+1 ))' ? ~ 1 , respectively. As i^ m+1 ) is of weight 
to + 1, each monomial of _F^ m+1 ) has at most one variable x l - m+1 ' ) of 
weight to + 1. Then, if we factorize x" = zz' with z G /cfx 1 - -*, . . . , x*"^] 
and z' G A;[x( m+1 )], we have 

degz>(g- l)t(d r l), 

where = ord/j. Here, we note that dj > 1 for all j = 1, . . . , r and 
dj > 2 for some j, since (X, 0) is singular. The condition cx ^ m'' 9 ' 

gives (cz)x' £ m [ < Noting that x' G and cz G m ^ +(9_1) ^^i (<ij_1) , 
we obtain 

rJ + (?-l)E(di-l)<r s , 

which yields 

r 

/pt(X m+ i,^m+l,m _1 (0 m ),0 m+ i) + J2( d J ~ !) < fpt( X m, m , m ) 

J=l 

as required in (2). 

Now we can see the following in a similar and easier way as in the 
above discussions: 

fpt(X m , 1, m ) > fpt(X m+1 , IO Xm+1 ,0 m+1 ) (5) 

for an ideal / C Ox m ,o m - (This follows by just replacing m s by I s in 
(3) and (4).) By (2) and (5), we obtain that if (X, 0) is singular, then 
fpt(X m , m , m ) > /pt(X m /,VV' m -1 (0 m ),0 m /). This implies (ii)=Ki). 

□ 
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